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Einstein-Cartan theory is an extension of the standard formulation of General Relativity where
torsion (the antisymmetric part of the affine connection) is non-vanishing. Just as the space-time
metric is sourced by the stress-energy tensor of the matter fields, torsion is sourced via the spin
density tensor, whose physical effects become relevant at very high spin densities. In this work we
introduce an extension of the Einstein-Cartan-Dirac theory with an electromagnetic (Maxwell) con-
tribution minimally coupled to torsion. This contribution breaks the U(1) gauge symmetry, which is
suggested by the possibility of a torsion-induced phase transition in the early Universe, yielding new
physics in extreme (spin) density regimes. We obtain the generalized gravitational, electromagnetic
and fermionic field equations for this theory, estimate the strength of the corrections, and discuss the
corresponding phenomenology. In particular, we briefly address some astrophysical considerations
regarding the relevance of the effects which might take place inside ultra-dense neutron stars with
strong magnetic fields (magnetars).
I. INTRODUCTION
We have recently witnessed the birth of gravitational
wave astronomy, where the LIGO/VIRGO Collaboration
reported compelling evidence on the detection of gravi-
tational waves, which is compatible with a scenario of
binary black hole mergers predicted by General Relativ-
ity (GR) [1, 2]. This finding has sparked the interest in
probing the strong-field regime of GR via gravitational
wave observations of compact objects [3]. At the writing
of this paper around a half-dozen events have been de-
tected including a neutron star binary merger [4], with
its electromagnetic counterpart compatible with a short
gamma ray burst [5]. In the aftermath of these observa-
tions, researchers have quickly gone to discuss how well
their favourite gravitational models extending GR have
fared against them [6–13]. But given the undeniable ex-
perimental success of GR [14] why would one consider
going beyond it? Modified theories of gravity are in-
deed motivated by a variety of reasons. On the obser-
vational side they are introduced as alternatives to dark
matter/dark energy scenarios. On the theoretical side,
the need of an ultraviolet completion of GR and the un-
avoidable existence of space-time singularities deep inside
black holes and in the early Universe have been troubling
researchers for decades. For some reviews on the motiva-
tions of these theories and their phenomenology, see e.g.
[15–23].
The traditional approach to formulate GR is to con-
sider a symmetric rank-two metric tensor gµν endowed
with a pseudo-Riemannian manifold. Parallel transport
is mediated by an affine connection Γαµν , which is assumed
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to be symmetric, Γαµν = Γ
α
νµ, and metric-compatible,
∇Γαgµν = 0, with a minimal coupling between matter
fields and gravity ensuring that the equivalence principle
(i.e., the universality of free-fall) is fulfilled. However,
it is known that a manifold equipped with zero curva-
ture and non-metricity but non-zero torsion (also known
as Weitzenbo¨ck space-time) allows to build a theory of
gravity that is fully equivalent to GR when the linear
action in the torsion scalar is chosen. This is known
as the teleparallel equivalent of General Relativity [24–
27]. There is yet another formulation fully equivalent
to GR, based on zero curvature and torsion but non-
zero non-metricity, called symmetric teleparallel gravity,
whose properties have begun to be unravelled very re-
cently [28–33].
Given these equivalences in gravitational models un-
der different space-time paradigms, it is natural to ask if
there is any guiding principle. Specifically, what space-
time geometry and fundamental degrees of freedom can
represent gravity? Indeed, the study of non-Riemann
geometries is connected to the topic of gauge symme-
tries. In the gauge formulation of gravitation, the gauge
principle is applied to space-time symmetries leading to
non-Riemann geometrical structures such as torsion and
non-metricity (depending on the local symmetry group).
This principle can provide guidance for the study of the
role of non-Riemann geometries in gravitation and in uni-
fied field theories, in connection to symmetries in physics
and symmetry breaking phase transitions (for detailed
reviews on gauge theories of gravity and its applications
see [34–36] and references therein). The history of the
gauge principle is actually very rich, dating back one
hundred years to the original proposal by Weyl in his uni-
fied field theory of gravity (and electromagnetism). For
this purpose, Weyl introduced a space-time (Weyl ge-
ometry) with curvature and a non-vanishing trace-vector
part of the non-metricity [37]. Later, Kibble gauged the
2Poincare´ global symmetries of Minkowski space-time to
arrive at the Einstein-Cartan-Sciama-Kibble theory of
gravity (EC for short), within a space-time with cur-
vature and torsion (Riemann-Cartan geometry, or RC).
Poincare´ gauge theories of gravity (PGTG) have been in-
vestigated with special interest on Lagrangians quadratic
in the curvature and torsion invariants, and in appli-
cations regarding cosmology, gravitational waves, and
spherical solutions, see e.g. [38–42].
In this work we shall focus on EC theory [43] (the sim-
plest example of PGTGs), which allows to consistently
incorporate the intrinsic angular momentum (spin) of
fermionic matter. Thus, in EC theory, in addition to
the stress-energy matter sources, the spin energy density
is also a source of the gravitational field. Torsion in EC
theory becomes important in scenarios where high-spin
densities are present. Although Cartan introduced the
theory almost one century ago, it continues to trigger in-
terest due to its non-singular solutions (in black holes
and cosmology), by the bridge it establishes between
fermionic spinors and gravity, and by its elegance and
simplicity, as it possesses no free parameters besides New-
ton’s constant. Within its many applications we under-
line bouncing cosmologies [44–46], inflation, cosmological
constant and dark energy [47–49], perturbations and cos-
mic microwave background radiation [50, 51], phase and
signature transitions [52, 53], or compact objects [54, 55].
For EC gravity coupled to Dirac fields, one also finds ap-
plications in particle physics, see e.g. [56–62].
The need to go beyond EC theory was recognized
long ago, mainly due to the fact that the theory is still
non-renormalizable [63], but also because quadratic La-
grangians present a natural and theoretically preferable
extension [64–66] (see also [67, 68]). A path recently ex-
plored to extend this theory is the analysis of new (non-
minimal) couplings between torsion and the matter fields
[69–73]. In this sense, the coupling between torsion and
electromagnetism has been carefully analysed in the liter-
ature with the result that, in general, this can be achieved
by either changing the field equations with minimal/non-
minimal couplings, or via the constitutive relations be-
tween the field strengths F = (E,B) and the excitations
H = (D,H) (see [74, 75]). Though it is usually assumed
that torsion does not minimally couple to the electromag-
netic field, since this breaks the U(1) gauge invariance
(for details see e.g. [63, 74]), the physics of phase tran-
sitions in condensed matter systems, superconductivity
and early universe is permeated by processes that lead
to spontaneous symmetry breaking, and in high density
environments torsion can provide a physical mechanism
to induce such a symmetry breaking. Since in EC theory
torsion vanishes outside the matter sources and is negligi-
ble at low densities, the Maxwell equations remain valid
for all phenomena that we can presently probe directly.
The main aim of this work is to study the (minimal)
coupling of torsion with fermions and electromagnetism
(massless spin one bosonic fields). Through the Car-
tan equations relating the space-time torsion to the mat-
ter fields, this coupling induces non-minimal and self-
interactions of the matter fields, and provides a phys-
ical mechanism to generate a U(1) symmetry breaking
for high densities and fields. In the broken phase, tor-
sion provides an effective mass for the photon, with the
electromagnetic potential obeying an extended Proca-like
equation.
In our approach we consider first the regime in which
torsion is only sourced by fermions, and extend it later to
the general case where both fermionic and bosonic fields
contribute to torsion via the corresponding spin energy
densities. The first case is a simplifying ansatz, where
the electromagnetic fields are influenced by the (back-
ground) space-time torsion but do not backreact on it.
This case serves to illustrate some of the effects in the
new dynamics due to the minimal coupling of bosons
and torsion. The second case encodes the full dynam-
ics with the bosonic spin contribution to torsion, which
induces new non-linearities. Therefore, in this paper we
address the most relevant features of EC-Dirac-Maxwell
model with U(1) symmetry breaking as well as some of
its physical implications.
This paper is organized as follows. In Sec. II we re-
view EC gravity, focusing on the case where fermions are
represented by a Dirac field. Sec. III contains the core
results of this work, where we extend EC theory by in-
troducing the electromagnetic field minimally coupled to
torsion, and find the corresponding dynamics for grav-
itational, electromagnetic and fermionic sectors in two
cases: (i) fermionic background torsion and (ii) the full
case, including the bosonic backreaction to torsion via
its spin tensor. We conclude in Sec. IV with a broad
discussion of the phenomenological implications of these
results, including some future perspectives.
II. EINSTEIN-CARTAN THEORY WITH
FERMIONS
A. Einstein-Cartan gravity
In general, any affine connection can be decomposed
into three independent pieces
Γλµν = Γ˜
λ
µν +K
λ
µν + L
λ
µν , (1)
where Γ˜λµν is the Levi-Civita connection associated
to the Riemannian curvature R˜αβµν = 2∂[µΓ˜
α
ν]β +
2Γ˜α[µ|λ|Γ˜λν]β , the second term is associated to torsion
T λαβ ≡ Γλ[αβ] and is denoted contortion1
Kλµν ≡ T λµν − 2T(µλν), (2)
1 By construction, contortion is antisymmetric on its first two in-
dices, Kαβγ = −Kβαγ.
3while the third term is associated to non-metricity
Qρµν ≡ ∇ρgµν and is called disformation,
Lλµν ≡ 1
2
gλβ (−Qµβν −Qνβµ +Qβµν) . (3)
Throughout this paper all objects with tilde will refer to
expressions computed in a Riemannian space-time.
From the general decomposition (1), keeping curvature
and torsion but setting non-metricity to zero we obtain a
Riemann-Cartan (RC) space-time geometry. In this case
the curvature scalars in the Cartan connection and the
Levi-Civita connection are related as
R = R˜− 2∇˜λKαλα + gβν
(
KαλαK
λ
βν −KαλνKλβα
)
.
(4)
Now, selecting the linear Lagrangian in the curvature
scalar yields the action
SEC =
1
2κ2
∫
d4x
√−gR(Γ) +
∫
d4x
√−gLm , (5)
with the following definitions and conventions: κ2 = 8πG
is Newton’s constant, g is the determinant of the space-
time metric gµν , the curvature scalar R = gµνR
µν is con-
structed out of the Ricci tensor Rµν(Γ) ≡ Rαµαν(Γ),
and the matter Lagrangian, Lm = Lm(gµν ,Γ, ψm), de-
pends on the metric and the matter fields, collectively
denoted by ψm, and also on the contortion via the co-
variant derivatives. The above action resembles GR, but
the fact that the connection has now an antisymmetric
part yields new contributions to the standard Einstein
equations and to the dynamical equations for the matter
fields, as we shall see below.
To obtain the field equations for EC theory we start
by varying the action (5) with respect to the contortion
tensor Kαβγ , which yields the so-called Cartan equations
Tαβγ + Tγδ
α
β − Tβδαγ = κ2sαβγ , (6)
or
Tαβγ = κ
2
(
sαβγ + δ
α
[βsγ]
)
,
where
sγαβ ≡ δLm
δKαβγ
, (7)
is the spin density tensor with dimensions of energy/area,
Tβ ≡ T γβγ and sβ ≡ sγβγ are the torsion and spin (trace)
vectors, respectively2. Cartan’s equations (6) imply that,
2 It is useful to express the torsion tensor in terms of its irreducible
components Tλµν = T¯
λ
µν +
2
3
δλ
[ν
Tµ] + g
λσǫµνσρT˘ ρ, where the
traceless tensor obeys T¯λ
µλ
= 0, ǫλµνρT¯µνρ = 0, Tµ is the
trace vector and T˘λ ≡
1
6
ǫλαβγTαβγ is the pseudo-trace (axial)
vector.
analogously to curvature being sourced by the stress-
energy of the matter sources, torsion is sourced by its spin
density. These equations are linear and algebraic, which
implies that outside regions with spin densities (and, in
particular, in vacuum) they vanish identically.
The Lagrangian in (5) can be expressed in the following
way
LEC = 1
2κ2
R˜+ Leffm , (8)
with
Leffm = Lm −
1
2κ2
(
KαλαK
γ
γλ +K
αλβKλβα
)
, (9)
or, explicitly
Leffm = Lm −
κ2
2
[
sλsλ + s
µνλ (sνλµ + sλµν + sµλν)
]
,
where we used Cartan’s equations in the second term
and we have neglected the surface term which does not
contribute to the field equations. Therefore, variation of
the action (5) with respect to the space-time metric gµν
yields the generalized Einstein equations, which can be
suitably written as
G˜µν = κ
2(Tµν + Uµν), (10)
where G˜µν is the Einstein tensor computed with the Levi-
Civita connection in Eq. (1). On the right-hand side, we
have the effective stress-energy tensor
T effµν = Tµν + Uµν =
2√−g
δ(
√−gLeffm )
δgµν
, (11)
which we split in the stress-energy tensor of the matter
fields Tµν =
2√−g
δ(
√−gLm)
δgµν
, plus another tensor, Uµν =
2√−g
δ(
√−gC)
δgµν
, with C ≡ − 1
2κ2
(
KλKλ + K
αλβKλβα
)
,
which contains the corrections quadratic in torsion U ∼
κ−2T 2 or in the spin variables U ∼ κ2s2, via Cartan’s
equations (6). It is important to point out that, in gen-
eral, torsion also contributes to the stress-energy tensor
Tµν , since the covariant derivatives present in the kinetic
part of Lm introduce new terms depending on torsion
via minimal couplings (non-minimal couplings can also
be present). Since U ∼ κ2s2, Eq. (10) defines a typi-
cal density ρC ∼ 1054g/cm3, known as Cartan’s density.
This is much higher than the nuclear saturation density,
ρs ∼ 1014g/cm3, though much lower than Planck’s den-
sity ρP ∼ 1093 g/cm3, where quantum corrections to
classical gravitation are expected to arise. Therefore, in
principle, EC theory can only introduce significant phys-
ical effects in environments of very large spin densities,
which might arise in the early universe or in the inner-
most regions of black holes.
Let us also note that, though the contribution in Uµν
from the spin density to the space-time metric (or cur-
vature) is only significant at or above the Cartan density
4ρC , one can show that torsion-induced effects are pre-
dicted at smaller densities in the dynamics of fermions
(via the so-called Hehl-Datta term, as discussed below).
Therefore, the physics of EC-Dirac systems, as well as
in those where an additional electromagnetic contribu-
tion is considered (as we shall see in this work) should
also be studied inside ultra-compact objects such as neu-
tron stars, particularly in magnetars, and even in quark
stars. It should also be mentioned that Cartan’s energy
scale is not always the correct scale to guide the physical
reasoning. This is clear for elementary standard model
fermions since, as shown in [76], there are important
(compensating) physical mechanisms at very small dis-
tances (Planck’s scale, not Cartan’s distance scale which
is derived from Cartan’s density) which allow the reg-
ularization of the self-energy densities around the elec-
troweak scales (in the case of leptons), corresponding to
the observed masses (me,mµ,mτ , ...).
Another aspect of the EC equations (6)–(10) worth
emphasizing is that, in the absence of spin density, they
boil down to the GR ones. Therefore, EC theory in vac-
uum does not propagate additional degrees of freedom
beyond the two tensor polarizations of the gravitational
field that propagate at the speed of light, thus being in
agreement with the recent findings resulting from the
LIGO-VIRGO Collaboration on the equality of the speed
of light and of gravitational waves [5]. Nonetheless, phys-
ical mechanisms for generating gravitational waves in the
very early universe can also have contributions from spin
energy tensor fluctuations around the Cartan density, for
example via its effective non-vanishing and time-varying
quadrupole moment, or due to phase transitions (includ-
ing symmetry breaking mechanisms induced by torsion
effects)
B. Einstein-Cartan-Dirac theory
Let us consider, as the matter sector in the action (5), a
free Dirac fermionic field with massm minimally coupled
to torsion. The corresponding Lagrangian density can be
expressed as [77]
LDirac = i~
2
(
ψ¯γµDµψ − (Dµψ¯)γµψ
)−mψ¯ψ, (12)
for spinors ψ and their adjoints ψ¯ = ψ+γ0, and where
the covariant derivatives are defined as
Dµψ = D˜µψ +
1
4
Kαβµγ
αγβψ, (13)
Dµψ¯ = D˜µψ¯ − 1
4
Kαβµψ¯γ
αγβ, (14)
where Dµ and D˜µ are the (Fock-Ivanenko) covariant
derivatives built with the Cartan connection and the
Levi-Civita connection, respectively, and γµ are the in-
duced Dirac-Pauli matrices3 obeying {γµ, γν} = 2gµνI,
where I is the 4×4 unit matrix and gµν is the space-time
metric4. The Lagrangian can be expressed as
LDirac = L˜Dirac + i~
8
Kαβµψ¯{γµ, γαγβ}ψ , (15)
where L˜Dirac = i~
2
(
ψ¯γµD˜µψ − (D˜µψ¯)γµψ
)
−mψ¯ψ and
{γµ, γαγβ} = γµγαγβ + γαγβγµ. Given the definition of
the spin tensor in (7), we have
LDirac = L˜Dirac +Kαλβsλβα. (16)
This expression (as the previous one) is valid for any
Dirac field minimally coupled to the RC spacetime ge-
ometry, it does not depend on any particular theory of
gravity.
For this matter source the spin tensor is totally anti-
symmetric, i.e.,5
sµνε =
1
2
ǫµνεαs˘α, (17)
and is expressed in terms of the Dirac (axial) spin vector
as (see e.g. [36, 44, 56–58])
s˘β =
~
2
ψ¯γβγ5ψ. (18)
This Dirac pseudo-vector field will play a crucial role
later. Accordingly, the Cartan equations simplify since
torsion is completely antisymmetric and Eq. (6) becomes
Tαβγ = Kαβγ =
κ2
2
ǫαβγλs˘
λ, (19)
therefore, the above Lagrangian introduces an effective
spin-spin interaction induced by torsion.
Using the Cartan equations we then have
LDirac = L˜Dirac+κ2sαλβsλβα = L˜Dirac− 3κ
2
2
s˘λs˘λ. (20)
The dynamical stress-energy tensor of Dirac fermions in
EC theory is then given by
Tµν = T˜
Dirac
µν + κ
2
(
3
2
s˘λs˘λgµν − 6s˘µs˘ν
)
, (21)
3 The usual constant Pauli-Dirac matrices γc, which obey{
γa, γb
}
= 2ηabI, are related to the γµ matrices via γµeaµ = γ
a,
where eaµ are the tetrads satisfying gµν = ηabe
a
µe
b
ν and
eaµe
µ
b
= δa
b
, ecνe
µ
c = δ
µ
ν and ηab is the Minkowski metric.
4 The Fock-Ivanenko covariant derivatives of spinors, in Riemann
geometry, are given by D˜µψ = ∂µψ+(1/2)w˜abµσabψ and D˜µψ¯ =
∂µψ¯ − (1/2)w˜abµψ¯σab, where w˜
ab
µ = −w˜
ba
µ are the spin con-
nection components related to the Levi-Civita connection (also
known as Ricci rotation coefficients), wabµ = w˜
ab
µ +K
ab
µ is the
RC spin connection and σab ≡ (1/2)γ
[aγb] are the generators of
the Lorentz group in the spinor representation (GL(2,C)).
5 Here we used the identities {γµ, γαγβ} = 2γ[µγαγβ] =
−2iǫµαβλγλγ
5.
5with T˜Diracµν ≡
2√−g
δ(L˜Dirac√−g)
δgµ
. Moreover, we can
also compute the form of the torsion-induced corrections
on the right-hand side of the Einstein equations (10)
Uµν =
2√−g
δ(C
√−g)
δgµ
= 2
δC
δgµν
− Cgµν , (22)
where in this case C becomes simplified
C ≡ − 1
2κ2
(
KαλαK
γ
γλ +K
αλβKλβα
)
= − 1
2κ2
KαλβKλβα
= −κ
2
2
sαλβsλβα, (23)
due to the fact that for Dirac spinors contortion is com-
pletely antisymmetric. Using the expressions above, the
EC field equations (6)–(10) become
G˜µν = κ
2T˜Diracµν +
3κ4
4
s˘λs˘λgµν , (24)
and
Tαβγ = Kαβγ =
κ2
2
ǫλαβγ s˘
λ, (25)
respectively. Cosmological solutions in EC-Dirac theory
have been investigated in detail in the literature, see e.g.
[34, 36, 44, 55, 58].
III. EINSTEIN-CARTAN-DIRAC-MAXWELL
THEORY
Let us now generalize the action (5) to incorporate a
minimal coupling between torsion and the electromag-
netic field (for recent works on torsion-matter couplings
see e.g. [69–73]). This can be directly implemented at
the level of the matter fields by assuming the matter La-
grangian density
Lm = LD + LM + jµAµ, (26)
where the Dirac Lagrangian is the same as in Eq. (12)
therefore including a minimal coupling to the RC geom-
etry, while Aµ is the electromagnetic four-potential and
jν the electric charge current density of fermions. On
the other hand, we now have the generalized Maxwell
Lagrangian in a RC space-time (satisfying local Poincare´
invariance) written as
LMax = λ
4
FµνF
µν , (27)
where λ is a coupling parameter setting the system of
units, and the generalized field strength tensor is defined
as (note that Kλ[µν] = T
λ
µν)
Fµν ≡ ∇µAν −∇νAµ = F˜µν + 2Kλ[µν]Aλ , (28)
where∇ is the covariant derivative in RC space-time con-
structed with the independent connection Γλµν in Eq. (1),
while F˜µν = ∂µAν − ∂νAµ is the standard field strength
tensor when torsion is neglected. This expression of the
electromagnetic field puts forward that, due to the pres-
ence of torsion in the minimal coupling, the second term
in Eq. (28) breaks the U(1) local symmetry. More ex-
plicitly, the Lagrangian density in Eq. (27) becomes
LMax = L˜Max + λ
(
Kλ[µν]Kγ[µν]Aγ +K
λ[µν]F˜µν
)
Aλ.
(29)
We will next proceed with the derivation of the grav-
itational, electromagnetic and fermionic field equations
corresponding to the action (5) with the U(1)-breaking
term just introduced.
A. Gravitational sector
1. Fermionic background torsion
Let us assume a background torsion resulting from
the spin density of fermionic fields. Variation of the ac-
tion (5) with respect to the metric for the above matter
sources yields the gravitational equations in this case,
which can be suitably written as
G˜µν = κ
2T˜µν +
3κ4
4
s˘λs˘λgµν + κ
2Πintµν , (30)
with
T˜µν = T˜
Dirac
µν + T˜
Max
µν , (31)
and the new term (compare to Eqs. (24)) induced by the
minimal and non-minimal interactions between fermions
and electromagnetic fields takes the form
Πintµν = Π
U(1)break
µν + 4j(µAν) − jλAλgµν , (32)
where
ΠU(1)breakµν = 2λ
(
T αβµ T
γ
αβAγAν + T
λ β
µ T
γ
νβAγAλ
+T λαµT
γ
ανAγAλ + T
λαβTµαβAνAλ
+T αβµ F˜αβAν + T
λ β
µ F˜νβAλ + T
λα
µF˜ανAλ
+µ↔ ν
)
(33)
−λ
(
T λαβT γαβAγAλ + T
λαβF˜αβAλ
)
gµν .
It is the (minimal) coupling of torsion with fermions and
bosons that give rise to the non-minimal interactions be-
tween the matter fields, once the Cartan equations are
used to replace the torsion components by the matter
field variables. Under the ansatz that torsion is exclu-
sively resulting from matter fields with half-integer in-
trinsic spin (fermions), it becomes completely antisym-
metric and the Cartan equations in this case are still
6given by Eq.(19). This assumption is already implicit
in the second term of Einstein’s equations above. This
choice corresponds to keeping the (pseudo-trace) axial
vector part of torsion as the only non-vanishing compo-
nents.
Under such an ansatz, the interaction part (32) in the
effective stress-energy tensor introduces terms both lin-
ear and quadratic in the spin density, all of which de-
pend on the electromagnetic quantities. Accordingly, the
value of the coupling constant λ determines the scale
at which the electromagnetic contribution becomes non-
negligible. Thus, in principle, one could test torsion ef-
fects at spin densities smaller than the Cartan one, for
sufficiently high electromagnetic fields, which suggests
that new gravitational (metric) effects could be present in
the core of magnetars [78] and (hypothetical) quark stars
[79]. Significant effects are expected for polarized mat-
ter because the linear terms will not average to zero and
can introduce stronger torsion (spin) contributions to the
Einstein equations at lower densities given a sufficiently
high electromagnetic potential. In summary, torsion con-
tributions to the metric field equations scale with κ4s2
for the pure EC spin density correction, and κ4λsF˜A
and κ6λs2A2 for the linear and quadratic U(1) symme-
try breaking terms, respectively.
In general, the macroscopic description of a physical
system is achieved through an averaging procedure. For
simplicity, we will consider physical systems where the
spin density obeys an approximate random distribution.
This simplification (which is not valid in the presence
of sufficiently intense magnetic fields that tend to align
the spins) allows us to neglect the terms linear in the
spin density and consider only the quadratic ones. For
Dirac fermions, if we consider only the terms quadratic
in torsion, we obtain after some algebraic manipulations
ΠU(1)breakµν = λκ
4
[
gµν
2
(
A2s˘2 − (s˘ ·A)2
)
−s˘2AµAν −A2s˘µs˘ν + 4(s˘ ·A)s˘(µAν)
]
.(34)
Here, as usual s˘2 ≡ s˘λs˘λ, A2 ≡ AλAλ and s˘ · A ≡ s˘λAλ.
2. Full approach including the spin contribution from the
electromagnetic sector
If we also consider, besides the fermionic spin, the
contribution from the generalized electromagnetic La-
grangian (29) to the (total) spin tensor, sλαβ = s
M
λαβ +
sDλαβ , we obtain
sλαβ = λ
(
A[αF˜β]λ + 2A[αT
γ
β]λAγ
)
+ sDλαβ , (35)
where sD αβγ is Dirac’s spin tensor and
sMλµν = λA[µFν]λ
= λ
(
A[µF˜ν]λ + 2A[µT
α
ν]λAα
)
, (36)
represents the electromagnetic contribution to the spin
tensor, i.e, sMλµν = δLU(1)breakM /δKµνλ, which also de-
pends on torsion due to the minimal coupling previously
introduced. The new Cartan equations can be written as
Tαβγ = κ
2
(
sD αβγ + s
M α
βγ + δ
λ
[βs
M
γ]
)
, (37)
since Dirac’s (completely antisymmetric) spin tensor has
zero trace vector. With a bit of algebra we get
ταβγ − 2λκ2AλA[βT λ αγ] = κ2
(
1
2
ǫαβγλs˘
λ + λA[βF˜
α
γ]
)
,
where ταβγ ≡ Tαβγ + Tγδαβ − Tβδαγ is the modified tor-
sion tensor and the first term on the right-hand side cor-
responds to Dirac’s spin tensor previously introduced.
These expressions show that it is not trivial to separate
the purely geometric torsion functions from the matter
fields.
Let us contract the indices α and γ to obtain
− 2Tβ + λκ2AλT λβγAγ = −
λκ2
2
F˜βγA
γ . (38)
which we shall use to find an expression for the torsion
trace vector. From the equation above one gets the result
TβA
β = 0 and this can be used after contracting Eq. (38)
with AαA
γ to arrive at
−A2Tβ+(1+λκ2A2)AλT λβγAγ = −
λκ2
2
A2F˜βγA
γ . (39)
Therefore, from this system of two equations we easily
solve for Tβ
Tβ = − λκ
2
2(2 + λκ2A2)
F˜βγA
γ . (40)
Proceeding in a similar manner, by contracting Eq. (38)
with Aα, after some algebra it is finally possible to trans-
form the Cartan equations into a form in which the ge-
ometric torsion is separated from the matter fields, that
is
Tαβγ = κ
2(s˜Mαβγ + s
Dα
βγ − 2λκ2AλA[βsDλαγ
+
2
2 + λκ2A2
(δα[β s˜
M
γ] − λκ2AαA[β s˜Mγ] )), (41)
which can be further simplified down to
Tαβγ = κ
2(s˜Mαβγ + ρ
σ
βρ
ρ
γs
Dα
σρ
+
2
2 + λκ2A2
(δα[β s˜
M
γ] − λκ2AαA[β s˜Mγ] )), (42)
with
ραβ ≡ δαβ + λκ2AαAβ , (43)
and we denote
s˜Mαβγ ≡ λA[βF˜ αγ] , (44)
7the torsion-free part of the (generalized) Maxwell spin
tensor (therefore s˜Mβ = −
λ
2
F˜βγA
γ). A further simplifica-
tion turns the Cartan equations into the final form
Tαβγ = κ
2(s˜Mαβγ + s
Dα
βγ + 2λκ
2sDα ρ[β Aγ]Aρ
+
2
2 + λκ2A2
(δα[β s˜
M
γ] − λκ2AαA[β s˜Mγ] )), (45)
This expression for torsion as a function of the matter
fields can then be replaced in the matter Lagrangian (26),
i.e, in the bosonic sector,
LMax = L˜Max + λ
(
T λµνT γµνAγ + T
λµνF˜µν
)
Aλ, (46)
and in the Dirac Lagrangian,
LDirac = L˜Dirac + i~
4
Kαβµψ¯γ
[µγαγβ]ψ, (47)
which after some algebra can be written as
LDirac = L˜Dirac + 3T˘ λs˘Diracλ , (48)
meaning that Dirac fields only interact with the axial
vector part of torsion, T˘ λ ≡ 1
6
ǫλαβγTαβγ . This expres-
sion is valid for any Dirac field minimaly coupled to a
RC spacetime geometry, regardless of the gravitational
theory.
Since bosons are also contributing to the torsion with
the corresponding spin tensor, the axial torsion vector
T˘ λ has now a new contribution (besides that of the Dirac
axial spin vector). From Eq. (42), we obtain
T˘ λ = κ2
[
− s˘
λ
2
+
λ
6
ǫµβγλ
(
2κ2sDρ[µβAγ]A
ρ +A[µF˜βγ]
)]
,
(49)
where we have dropped the D symbol in the Dirac axial
spin vector. Substituting in the Dirac Lagrangian above
we get, after some algebra
LD = L˜D − s˘λs˘λ
(
3κ2
2
+ λκ4A2
)
+ λκ4(A · s˘)2
+
λκ2
2
ǫµβγλs˘λA[µF˜βγ]. (50)
The first term is Dirac’s Lagrangian on a (pseudo) Rie-
mann space-time, while the other terms come from the
corrections of a RC geometry where torsion (given by the
Cartan equations) is due to the spin tensors of fermionic
spinors and electromagnetic fields. The first term inside
the parenthesis corresponds to the well known spin-spin
(axial-axial) contact interaction. Due to the presence
of new fermionic-electromagnetic interactions induced by
torsion, we see that the spin-spin contact interaction is
now modulated at each point by the strength of the elec-
tromagnetic 4-potential (squared). The spin-spin effect
is therefore affected locally by the electromagnetic poten-
tial at very high densities and fields, due to the κ4 fac-
tor. The other two terms represent further (fermionic)
spin-electromagnetic interactions. In the first of these,
significant at very high densities and fields, the relative
orientation (alignment) between the spin vector and the
electromagnetic potential is relevant, which might sug-
gest that this interaction could involve precession effects
and possibly generate anisotropies in the spin distribu-
tion, for example via a macroscopic (averaged) alignment
of the fermionic spin.
To proceed with the analysis of the gravitational sec-
tor, we need to compute the effective stress-energy tensor
T effµν = Tµν + Uµν . The dynamical stress-energy tensor
Tµν =
2√−g
δ(
√−gLm)
δgµν
can be computed from the matter
Lagrangian (26), using Eqs. (46) and (50), with the tor-
sion corrections sourced by the new Cartan equations
(42). These torsion-induced corrections to the stress-
energy tensor Tµν correspond to non-minimal interac-
tions and also self-interactions of the matter fields. We
can now write
Tµν = T˜µν + 4j(µAν) − jλAλgµν +ΠM intµν +ΞDintµν , (51)
where T˜µν = T˜
Dirac
µν + T˜
Max
µν is the standard stress-energy
tensor for the matter-fields in curved space-time (that
is, the one of GR), ΠM intµν comes from the bosonic La-
grangian (29) and includes non-minimal boson-fermion
interactions (induced by torsion) and also bosonic self-
interactions. Its explicit expression can be derived from
Eq. (46) using the Cartan equations (42), and gives
rise to a quite long expression containing many terms
(non-minimal and self-interactions). If we consider the
regime of approximate random distributions of fermionic
spin, corresponding to unpolarized matter (in the sense
of zero macroscopic intrinsic magnetic moment), we end
up with a simplified expression, since all terms that scale
linearly with the fermionic spin are neglected. On the
other hand, ΞDintµν comes from the Dirac Lagrangian, i.e,
ΞDintµν =
2√−g
∂LCorrDirac
∂gµν
, where LCorrDirac ≡ 3T˘ λs˘Diracλ , and
it corresponds to non-minimal fermion-boson interactions
(induced by torsion) and also spin-spin fermionic self-
interactions. This tensor can be computed exactly as
ΞDintµν = −4
((
3κ2
2
+ λκ4A2
)
s˘µs˘ν + λκ
4s˘2AµAν
)
+8λκ4(A · s˘)A(µs˘ν)
−
(
λκ4(A · s˘)2 − s˘2
(
3κ2
2
+ λκ4A2
))
gµν ,
(52)
assuming random fermionic spin distributions, therefore
neglecting the last term in (50).
Now we can compute the correction to the bosonic La-
8grangian as
LMcorr ≈ λ2κ2A[µF˜ ν]λF˜µνAλ
+
2λκ2F˜µν
2 + λκ2A2
A[µs˜ν](1− λκ2A2)
+λ3κ4A[µF˜ ν]λA[µF˜ν]γAλA
γ
+
4λκ4A[µs˜ν]A[µs˜ν]
(2 + λκ2A2)2
(1 − λκ2A2(2− λκ2A2))
−λκ
4
2
(A2s˘2 − (A · s˘)2). (53)
The last term here depends on the spinors via Dirac ax-
ial vector s˘λ and represents non-minimal boson-fermion
interactions, while every other term in that expression
corresponds to self-interactions6. Note that we have
dropped the M from the trace vector of what we called
the torsionless part of the bosonic spin tensor s˜Mαβγ ≡
λA[βF˜
α
γ] . A lengthy and tedious process allows to
compute the total stress-energy contribution from non-
minimal and self-interactions as
ΠM intµν + Ξ
Dint
µν = 2λ
2κ2F˜αβA
[αF˜ β]µAν +
4λκ2
2 + λκ2A2
×
×
(
s˜βF˜µβ − λκ2A[αs˜β]F˜αβAµ
)
Aν
+4λ3κ4A2AλA[µF˜
λ
γ] F˜
γ
ν
+
4λκ4A[µs˜γ]F˜
γ
ν
2 + λκ2A2
(1 − λκ2A2)
+(µ↔ ν)
+2λ3κ4
(
A2F˜ λµ F˜
γ
ν +AµAν F˜
λ
α F˜
αγ
−2A(µF˜ γν) F˜ λα Aα
)
AλAγ
+16λκ4A2F˜αµAνF˜αγA
γ +AµAν ×
× (s˜2h(A)− (A2s˜2 − (A · s˜)2)t(A))
+(A2s˜µs˜ν − (A · s˜)s˜(µAν))h(A)
−LMselfgµν
−6 (κ2 + λκ4A2) s˘µs˘ν − 6λκ4s˘2AµAν
+16λκ4(A · s˘)A(µs˘ν) −
1
2
(
λκ4(A · s˘)2
−s˘2 (3κ2 + λκ4A2) )gµν , (54)
6 The third and fourth terms in the Lagrangian above can be re-
written as
λ3
2
κ4A2F˜ ν
λ
F˜νγAλAγ and
2λκ4(s˜2A2 − (A · s˜)2)
(2 + λκ2A2)2
(1−
λκ2A2(2 − λκ2A2)), respectively
where the functions h(A) and t(A) are given by
h(A) =
4λκ4
(2 + λκ2A2)2
(1− λ2κ2A2(2− κ2A2)),
t(A) =
8λ2κ6(λκ2A2 + 1)
(2 + λκ2A2)2
+
16λκ2
(2 + λκ2A2)3
(1− λ2κ2A2(2− λκ2A2)) ,
respectively. In the expression (54) only the last four
terms depend on the spinors via the Dirac spin axial vec-
tor. The term LMselfgµν corresponds to the purely elec-
tromagnetic terms of Eq.(53), i.e, the self-interactions.
In absence of electromagnetic potentials we recover the
second term of Eq.(21) of the EC-Dirac model. Let
us illustrate these considerations with an example. As-
suming homogeneity and isotropy (FRWL metric) and
Aµ = (φ(t), 0, 0, 0), which means F˜µν = 0 and s˜
αβγ = 0,
we obtain for the combination above
ΠM intµν + Ξ
Dint
µν = −6
(
κ2 + λκ4A2
)
s˘µs˘ν − 6λκ4s˘2AµAν
+16λκ4(A · s˘)A(µs˘ν) −
1
2
(
λκ4(A · s˘)2
−s˘2 (3κ2 + λκ4A2) )gµν , (55)
whose components give the energy density
ΠM int00 + Ξ
Dint
00 = s˘
2
0
(
19
2
λκ4φ2 − 6κ2
)
+s˘2
(
3κ2
2
− 11
2
λκ4φ2
)
, (56)
and the pressure terms
Πij + Ξ
i
j = −s˘is˘j
(
6λκ4φ2 + 6κ2
)
−
(
λκ4
2
s˘20φ
2 − s˘2(3κ
2
2
+
λκ4
2
φ2)
)
δij ,
(57)
respectively.
Let us focus now our attention upon the geometrical
term Uµν =
2√−g
δ(
√−gC)
δgµν
, where
C = −κ
2
2
(
sλsλ + s
µνλ (sνλµ + sλµν + sµλν)
)
. (58)
With a bit of algebra we obtain
C = −κ
2
2
(
sMγ s
M γ + sM µνλ
(
sMµλν + 2s
M
[νλ]µ
)
+2sM µνλsDνλµ −
3
2
s˘Dλ s˘
D λ
)
. (59)
Note that torsion appears in the first three terms, where
it has to be replaced by the corresponding matter (spin)
quantities via Cartan’s Eq.(42). Formally, the tensor Uµν
9obeys the following expression
Uµν = −κ2
(
2sMµ s
M
ν + s
M αβ
µ (s
M
νβα + 2s
M
[αβ]ν − 2sDνβα)
+sM λ βµ (s
M
λβν + 2s
M
[νβ]λ − 2sDλβν)
+sM λαµ(s
M
λνα + 2s
M
[νλ]µ − 2sDλνα)− 3s˘Dµ s˘Dν
)
−Cgµν , (60)
and the resulting expression, as a function of the matter
fields, upon substitution of torsion via Cartan’s equations
in (45) is rather long and complicated. To simplify things
we will assume again spatial homogeneity and isotropy,
which allows us to write the torsion tensor
Tαβγ = κ
2
(
sDαβγ + 2λκ
2sD ρ
α[β Aγ]Aρ
)
, (61)
therefore we find
sMµ = s˜
M
µ + λT(αβ)µA
αAβ = 0, (62)
and
sMαβγ = 2λκ
2A[βs
D λ
γ]αAλ. (63)
Using these expressions, after some algebra we obtain
C = −κ
2
2
(
λκ2(2− λκ2A2)(A2 s˘2 − (A · s˘)2)− 3
2
s˘2
)
,
and the corresponding stress-energy tensor is
Uµν = −2λκ4
(
AµAν(s˘
2(2− λκ2A2)
−λκ2(A2s˘2 − (A · s˘)2))
+s˘µs˘ν
[
A2(2− λκ2A2)− 3
2λκ2
]
+2(2− λκ2A2)(A · s˘)A(µs˘ν)
)
−Cgµν .
This completes the calculations for the effective stress-
energy tensor T effµν = Tµν + Uµν , that enters the right-
hand side of the Einstein equations
G˜µν = κ
2T effµν . (64)
As one can see from the expressions obtained in the
right-hand side of this equation, if quarks can form a
condensate in vacuum, corresponding to non-zero vac-
uum expectation values for the quadratic terms ∼ s˘2 in
the above equations, then the model predicts an effective
cosmological constant modulated by the bosonic dynam-
ics, providing a dynamical dark energy from vacuum con-
densates. This is possible thanks to the non-minimal and
self-interactions involving the square of the Dirac (axial)
spin.
The total matter Lagrangian will give rise to extended
Dirac and electromagnetic equations. To compute this
we will now analyze the bosonic and fermionic field dy-
namics.
B. Electromagnetic sector
Let us now obtain the electromagnetic field equations.
Consider the action constructed from Eq. (27) together
with the usual source term jλAλ. Varying it with respect
to the vector potential Aµ yields
∇µFµν = λ−1jν , (65)
which can be conveniently rewritten as
∇˜µF˜µν = λ−1(jν + Jν) , (66)
where we have defined the torsion-induced four-current
Jν = −λ
[
2(KνλµK
γ[µλ] +KλK
γ[λν])Aγ
+KνλµF˜
µλ +KλF˜
λν + 2∇˜µ
(
Kγ[µν]Aγ
) ]
,(67)
with Kλ ≡ Kαλα. As can be seen in the expression for
the Lagrangian in Eq. (29), or in the field equations (66),
the terms quadratic in the contortion or, equivalently, in
the spin density, resemble Proca-like terms. From this
analogy, the coupling between the electromagnetic four-
potential and the space-time torsion provides an effec-
tive mass for the photon m2γ ∼ λT 2 in physical environ-
ments where the U(1)-breaking phase transition takes
place. The terms linear in torsion, on the other hand,
reveal new physical effects due to the coupling between
electromagnetism and torsion, which in this framework
become significant for spin densities much lower than the
Cartan density. That is, way before the manifestation of
new metric effects that are implicit in Eqs. (30) and
(32), the torsion (spin) of fermions start interacting sig-
nificantly with electromagnetism, affecting Maxwell’s dy-
namics. This is another motivation to consider physical
effects of the full dynamics in astrophysical and cosmo-
logical environments with spin densities below the Cartan
threshold, as in the core of neutron stars and in the early
universe.
To complete the electromagnetic sector of the dynam-
ics, we include the generalized conservation equation,
which can be written as
∇˜νjν = −∇˜νJν . (68)
Alternatively, one can write
∇νjν = λ
2
[∇ν ,∇µ]Fµν , (69)
where
[∇ν ,∇µ]Fµν = RµενµF εν +RνενµFµε + 2T γνµ∇γFµν ,
(70)
is the commutator of covariant derivation of an anti-
symmetric (0, 2)-tensor in RC space-time. We see that
Dirac’s current is not conserved, therefore, from a proba-
bilistic semi-quantum description point of view the parti-
cle number can change due to intense gravitational fields.
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1. Fermionic background torsion
Assuming the ansatz of a completely antisymmetric
background torsion, as in the case where torsion comes
from the background Dirac fermionic fields, we get the
same form of the field equations but the torsion-induced
current gets simplified
Jν = −λ
[
2KνλµK
γµλAγ −KνλµF˜λµ + 2∇˜µ(KγµνAγ)
]
.
(71)
According to the minimal coupling between torsion and
electromagnetic fields, as it is apparent from Eq. (28),
only the antisymmetric part of the contortion tensor en-
ters the electromagnetic sector in a RC space-time (at
the Lagrangian level). However, for fermions both tor-
sion and contortion are totally antisymmetric, so we have
dropped out the brackets for antisymmetrization. In that
case it is useful to express the Maxwell Lagrangian with
torsion contributions, Eq. (29), as
LMax = L˜Max − λ
[
κ4
2
(
s˘2A2 − (s˘ · A)2)− κ2
2
fν s˘ν
]
,
(72)
where we have introduced the (axial) vector
fρ ≡ ǫλµνρAλF˜µν . (73)
Under the assumption of the random spin distribution,
from Eq. (71) and using the Cartan equations (19), we
obtain the following (spin) torsion-induced four-current
Jν = −κ4λ (s˘2Aν − (s˘ ·A)s˘ν) , (74)
which arises from the interaction between the fermionic
axial vector field and the electromagnetic 4-potential.
2. Full approach including the contribution of the
generalized electromagnetism to the spin tensor
In this case, the Cartan equations are given by Eq.
(42). We will consider for convenience the generalized
current in the following form
Jν = −λ
[
2(T νλµT
γµλ + 2TλT
γλν)Aγ
+T νλµF˜
µλ + 2TλF˜
λν + 2∇˜µ(T γµνAγ)
]
, (75)
where we have used the fact that contortion is antisym-
metric in the first two indices and also thatKν[λµ] = T
ν
λµ
and Kλ = 2Tλ. Now, given the fact that the total matter
Lagrangian can be written as
Lmat = LD + LM + jµAµ , (76)
where LD includes bosonic-fermionic interactions and is
given by Eq. (50) and LM is given in Eq. (29), upon ap-
plying the variational principle with respect to the elec-
tromagnetic potential, we get a new generalized Maxwell
equation in Eq. (66) given by
∇˜µF˜µν = λ−1(jν + Jν + ξν) , (77)
where
ξν = λ
(
2κ4
[
s˘λ(A · s˘)− s˘λs˘λAν
]
+
λκ2
2
[
ǫνβγλF˜βγ s˘λ − 2ǫρµνλ∇˜µ(Aρs˘λ)
] )
, (78)
comes from the (effective) Dirac Lagrangian (50) as
ξν ≡ ∂LD
∂Aν
− ∇˜µ
(
∂LD
∂(∇˜µAν)
)
.
Using now Eq. (42) we obtain a long expression for the
torsion-induced current Jν with non-linear terms. One
can also use the effective Maxwell Lagrangian in Eq. (53)
to obtain
Jν ≡ ∂L
corr
M
∂Aν
− ∇˜µ
(
∂LcorrM
∂(∇˜µAν)
)
,
as
Jν = λκ2
[
F˜αβ
(
λA[αF˜ β]ν + 2A[αs˜β]AνX(A)
)
+2F˜ νβ
(
F βλA
λ + 2sβY (A)
)
+λ2κ2
(
Aν F˜αλAλ +A
2F˜αν
)
F˜αγA
γ
+(Aν s˜2 − 2s˜ν(A · s˜))Z(A)
+Aν(A2s˜2 − (A · s˜)2)W (A)
−κ2(Aν s˘2 − s˘ν(A · s˘))
]
−∇˜µ
(
∂LcorrM
∂(∇˜µAν)
)
, (79)
where the last term is computed as
∂LcorrM
∂(∇˜µAν)
= 2λ2κ2
(
A[µF˜ ν]λAλ + F˜
α[µAν]Aα
−F˜ [µβAν]Aβ
)
+ 4λκ2A[µs˜ν]
1− λκ2A2
2 + λκ2A2
+λ3κ4A2F˜ [µγA
ν]Aγ , (80)
and we have introduced the definitions
X(A) ≡ − 6λκ
2
(2 + λκ2A2)2
,
Y (A) ≡ −1− λκ
2A2
2 + λκ2A2
,
Z(A) ≡ 2κ
2(1 − (2− λκ2A2))
2 + λκ2A2
,
W (A) ≡
[
4λκ2
(
(2 + λκ2A2)(λκ2A2 − 1) ,
− (1− λκ2A2(2− λκ2A2)) )]/(2 + λκ2A2)3 .
These highly involved expressions can be interpreted as
non-linear electrodynamics with non-minimal couplings
between fermionic matter (spinors) and electromagnetic
fields induced by the RC space-time geometry. These
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equations are simplified in two cases: (i) matter with a
random distribution of fermionic spins, where we neglect
all quantities linear in the Dirac spin, leaving only the
quadratic ones which do not vanish after macroscopic
averaging and (ii) the case of homogeneity and isotropy,
with A = (φ, 0, 0, 0), and s˜ = 0 = F˜ . In the first case we
obtain
ξν ≈ 2λκ4 [s˘ν(A · s˘)− s˘λs˘λAν] , (81)
and in the second case, the simplified Jν is simply
Jν = −λκ4 [Aν s˘2 − s˘ν(A · s˘)] , (82)
where the non-linearities (in the electromagnetic quanti-
ties) disappear and the equation above corresponds ex-
actly to what we had in the first approach in Eq. (74).
C. Fermions
1. Fermionic background torsion
Let us consider first the case in which the matter fields
are fermionic spinors. The variation of the Dirac action
in a RC space-time (given by the Lagrangian density in
Eq.(12)) with respect to fermionic fields yields the Fock-
Ivanenko-Heisenberg-Hehl-Datta equation [80]
i~γµD˜µψ −mψ = 3κ
2
~
2
8
(ψ¯γνγ5ψ)γνγ
5ψ , (83)
where torsion was substituted by its source, the spin
density of Dirac fermions, via the Cartan equations.
Now we introduce electromagnetic fields minimally cou-
pled to torsion, but without backreacting on it. In this
case, the variation of the action (5) with the new La-
grangian Lm = LΨ + LMax includes non-minimal cou-
plings of fermions with the four-potential, in the gen-
eralized Hehl-Datta equation of EC-Dirac theory. For
charged fermions, the new Hehl-Datta equation reads
i~γµD˜µψ +
(
qγµAµ − κ
2λ~
4
fργργ
5
)
ψ −mψ
=
(
κ4λ~2
2
A2 +
3κ2~2
4
)
(ψ¯γνγ5ψ)γνγ
5ψ
−κ
4λ~2
2
(ψ¯γβγ5ψ)γλγ
5ψAβA
λ. (84)
The Hehl-Datta term, ∼ κ2~2(ψ¯γνγ5ψ)γνγ5ψ, which is
cubic in the spinors, is already present in the usual EC-
Dirac theory. This term represents a spin-spin contact
interaction inside fermionic matter. For charged anti-
fermions, after performing the charge conjugation oper-
ation (ψ → −iγ2ψ∗ ≡ ψch) we have instead
i~γµD˜µψ
ch −
(
qγµAµ +
κ2λ~
4
fργργ
5
)
ψch −mψch
= −
(
κ4λ~2
2
A2 +
3κ2~2
4
)
(ψ¯chγνγ5ψch)γνγ
5ψch
+
κ4λ~2
2
(ψ¯chγβγ5ψch)γλγ
5ψchAβA
λ. (85)
All cubic terms, similarly to the term having the
fermionic charge, have flipped sign after the C-
transformation relative to the mass term. This behaviour
is connected to the fact that the corresponding effective
Lagrangian terms behave in an opposite manner under a
C-transformation in relation to the rest of the terms in
the Lagrangian [60].
It has been shown that the Hehl-Datta term, which
corresponds to an effective axial-axial spinor interaction
of repulsive nature, can provide important physical ef-
fects in the particle domain [56, 57, 59–62, 76], including
a valid mechanism for generating a residual matter/anti-
matter asymmetry in the context of baryogenesis in cos-
mology, and has been shown to posses other applica-
tions, such as an effective cosmological constant [61] and
non-singular configurations [62]. Such a term can be
derived from an effective interaction Lagrangian of the
form LintHehl−Datta ∼ κ2s˘µs˘µ. Analogously, the new cu-
bic terms we have derived also come from similar effec-
tive Lagrangian terms quadratic in Dirac’s axial (spin)
vector Leff ∼ κ4λs˘2A2, and are induced from the cou-
pling between torsion and the electromagnetic potential.
These terms correspond to the quadratic ones appearing
in Eq.(29). Therefore, the axial-axial or spin-spin con-
tact interaction effect is potentially enhanced (at very
high densities) by the presence of the electromagnetic
four-potential. Moreover, in general the four-potential
propagates, therefore a richer dynamics is induced in the
effective spin-spin interaction. This scenario is of course
compatible with the fact that we have broken the local
(gauge) U(1) invariance under a phase transition above a
certain critical value of the spin density. Accordingly, the
vector potential that appears explicitly in the dynamical
equations can be thought as representing physical degrees
of freedom7.
7 In some sense, there are good empirical motivations to con-
sider the electromagnetic potential to represent physical degrees
of freedom which come from the interpretations given to the
Aharonov-Bohm effect, namely the observed change in the phase
of an electron wave function in the presence of negligible electro-
magnetic fields, due to the interaction between the fermion and
the electromagnetic four-potential [81].
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2. Full approach, including the contribution of bosonic
fields to the spin tensor
Previously, using Eq. (42) we arrived at the fermionic
Lagrangian given by
LD = L˜D − s˘λs˘λ
(
3κ2
2
+ λκ4A2
)
+ λκ4(A · s˘)2
+
λκ2
2
ǫµβγλs˘λA[µF˜βγ] . (86)
If we consider the total matter Lagrangian
Lm = LD + LM + j
µAµ, (87)
including the contribution from the bosonic (electromag-
netic) side, we obtain the following extended Dirac (cu-
bic) equation
i~γµD˜µψ + (qγ
µAµ −m)ψ = f(A)(ψ¯γνγ5ψ)γνγ5ψ
+ αβλ(ψ¯γβγ
5ψ)γλγ
5ψ
+ βα(A, F˜ )γαγ
5ψ, (88)
where
f(A) ≡ 3κ
2
~
2
4
+
λ3κ4~2
2
A2
ασε ≡ −λ~κ2
(κ2
2
AσAε +
1
2
Θλ εµν (ǫ
γµνσ
+2λκ2ǫγ[µ|ρσA|ν]Aρ)AγAλ
)
βα ≡ −λ
(
Aλ(2AγΘ
(λ| α
µν T
γ)µν
M + F˜µνΘ
λµνα)
+
κ2~
2
ǫµβγαA[µF˜βγ]
)
, (89)
and we have
Θλµνα ≡ κ
2
~
4
(
ǫλµνα + 2λκ2ǫλ[µ|ραAν]Aρ
)
, (90)
while T γµνM is the purely bosonic part of the torsion ten-
sor. This equation can be considered in the approxima-
tion of space-time flatness and also in the non-relativistic
limit. One can then solve the energy levels problem which
is expected to reveal a kind of hyperfine structure that
could be used to probe for the existence of torsion with
high resolution spectrography. In fact, the correction
terms in (50) can be interpreted as effective interaction
potentials
LD = L˜D + U(ϕ, χ, ζ) , (91)
with ϕ ≡ s˘2, χ ≡ A2, ζ ≡ A · s˘ and we neglected the
term linear in s˘, for simplicity. Such analysis is currently
under study and will be developed in a future work. To
close this section, let us mention that for anti-particles
we have:
i~γµD˜µψ
ch − (qγµAµ +m)ψch =
−f(A)(ψ¯chγνγ5ψch)γνγ5ψch
−αβλ(ψ¯chγβγ5ψch)γλγ5ψch
+βα(A, F˜ )γαγ
5ψch. (92)
which is not exactly the same dynamics, suggesting pos-
sible applications for asymmetries and baryogenesis.
IV. CONCLUSION AND DISCUSSION
In this work we have studied the Einstein-Cartan-
Dirac-Maxwell model with U(1) symmetry breaking and
discussed its physical relevance. We considered a Dirac
field and an electromagnetic field minimally coupled to
torsion, which induces rich gravitational dynamics and
non-linear fermionic and bosonic dynamical equations,
including non-minimal and self-interactions. We consid-
ered two regimes: i) one in which torsion is sourced by
fermions and ii) the full case with the contribution from
both fermions and bosons to the total spin tensor enter-
ing in Cartan’s equations.
In general, the effects for the space-time metric only
become important at very high (spin) densities, as in the
usual EC theory. For example, in the first approach with
torsion generated by fermionic spin, torsion (or spin) con-
tributions to the metric field equations scale with κ4s˘2
for the pure EC correction, while the model with the
U(1) symmetry breaking studied here introduces terms
both linear and quadratic with torsion, that scale as
κ4λs˘F˜A and κ6λs˘2A2, respectively. This has to be com-
pared with the κ2T˜µν contribution from the usual stress-
energy tensor in GR. Thus, for very strong electromag-
netic fields/potential, the term linear in the spin density
could become important (in polarized matter) at densi-
ties slightly (but not significantly) below Cartan’s typi-
cal density. On the other hand, the effects of torsion in
the electromagnetic and fermionic sectors require a more
careful analysis.
Let us discuss the electromagnetic dynamics. The gen-
eralized Maxwell theory include terms linear in torsion
(also in the spin density) that become significant at den-
sities much lower than Cartan’s density, which should
be taken into account in strong gravity regimes such as
in the interior of astrophysical compact objects (neutron
stars, magnetars, quark stars) and in the early Universe.
These terms are non-negligible for polarized matter, i.e.,
for non-random spin distributions and, consequently, the
presence of strong magnetic fields provide the adequate
physical conditions for the study of the phenomenology
associated with these corrections. For approximately
random spin distributions, i.e., for unpolarized matter,
only the quadratic terms (in torsion or in the spin den-
sity) are non-vanishing with its phenomenology being re-
lated to much higher densities. In any case, the presence
of strong electromagnetic fields (potential) tend to en-
hance such effects.
When the U(1) symmetry is broken the correspond-
ing (Noether) charge current is not conserved. Although
the fermionic charge density and number density of the
fermions is not conserved locally in this model, the equa-
tions suggest interpreting the terms of geometric ori-
gin as effective charge currents that compensate and
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balance the non-conservation of the usual charge cur-
rent. In other words, by following this interpretation
the space-time geometrodynamics would gain physical
features, such as effective mass, spin or charge currents,
when it couples to matter. When these terms are con-
sidered, then a new conserved quantity is clear. Another
way to see this is to deduce the phenomenology asso-
ciated to such an interpretation and search for possible
observational tests of the predictions. In this context,
this type of models where the stress-energy tensor or the
charge current is not conserved in the usual sense, pre-
dict the creation of particles from the energy available
in the space-time geometrodynamics, in strong gravity
environments.
When the contribution from the bosonic sector to
the spin tensor is taken into account, then the bosonic
field propagates on a RC spacetime and backreact on
its geometry. Since torsion in EC theory is given by
an algebraic expression of the matter fields, one then
gets non-minimal couplings between these but also self-
interactions. Therefore, we obtain effectively a non-linear
dynamical equations for the bosonic fields. In fact, just
as in the case of fermions where a linear Dirac field in
RC space-time of the EC theory is equivalent to a non-
linear spinor in GR, also here the linear electromagnetic
Lagrangian in the RC space-time leads to an effective
non-linear electrodynamics in GR. Non-linear dynamics
in the matter fields can emerge naturally from the (min-
imal) couplings of these fields with the extended space-
time geometries of gauge theories of gravity.
In the case of fermionic fields in EC theory, torsion ef-
fects can also become significant in environments where
the density is lower than Cartan’s density. This is not so
commonly mentioned in the literature, on the contrary,
much emphasis is put on the fact that in EC theory the
effects of torsion in Einstein’s equations, i.e., for the met-
ric, are only significant at extremely high densities such
as those found in the very early Universe or inside black
holes. Since the Cartan equations imply K ∼ κ2s˘, after
its substitution in the Dirac equation i~γλDλψ−mψ = 0,
one obtains the (cubic) Hehl-Datta equation where the
torsion-induced term will become significant at (spin)
densities comparable to any strong-gravity regime where
GR effects become important.
Let us stress that the Hehl-Datta term, which is related
to an effective axial-axial (spin-spin) repulsive interac-
tion, has been studied in connection to different physical
mechanisms important for particle physics and cosmol-
ogy, such as non-singular black holes, matter/anti-matter
asymmetry and energy-levels, etc. Analogously, in our
U(1) symmetry-breaking model similar cubic terms are
present that are quadratic in the electromagnetic four-
potential. In this case, these torsion-induced corrections
scale with κ4, which means that the corresponding phys-
ical effects (on the energy levels, generalized effective
Feynmann diagrams, etc) will only become relevant at
extremely high densities (Cartan’s density or above, but
still lower than Planck density). In this model, the mini-
mal coupling between the electromagnetic potential and
torsion induce, at the dynamical equation level, a non-
minimal coupling between fermions and electromagnetic
potential/fields, in the generalized Dirac equation. For-
mally, this follows after the substitution of torsion by its
corresponding spin density source via Cartan’s equations.
The new terms are both linear and cubic in the spinors.
The former introduces effects that will become relevant
around the same densities as for the original Hehl-Datta
term. These considerations motivate further study on
the full EC-Dirac-Maxwell dynamics inside astrophysical
compact objects.
Finally, let us mention several cosmological, astrophys-
ical and particle physics applications that can be worked
out from the theory considered in this work. In Cos-
mology one expects the possibility of non-singular mod-
els as in the usual EC model, and new physics during
the torsion-dominated era. One should also expect the
production of gravitational waves from the transitions
between primordial phases: from the U(1)-broken phase
to the U(1)-restored phase, and from the usual torsion-
dominated phase of EC to the radiation phase. These
transitions can contribute to a stochastic gravitational
wave background of cosmological origin, with possible
imprints from the physics beyond the standard model.
On the other hand, the standard EC theory can pre-
vent black hole singularities and, therefore, the research
on whether one can have equilibrium configurations in
compact objects denser than neutron stars, before the
appearance of an horizon, is of utmost relevance. In our
model we have physical mechanisms induced by torsion
that act as an effective repulsive interaction, which could
possibly provide the required pressure to balance the self-
gravity of a newly born (unstable) neutron star. After
the coalescence of two neutron stars in models of GW
emission, it is usually assumed that the resulting object
stabilizes to a neutron star or decays into a black hole
(directly or after some relaxation time), due to GR in-
stabilities, but in modified gravity, torsion/spin effects
should allow for other equilibrium configurations, i.e, sta-
ble compact objects denser than neutron stars.
To conclude, it is necessary to investigate whether the
astrophysical data about the final object might be rein-
terpreted using models with torsion. In our view, there
are good motivations to consider gravitational models
where non-Riemannian geometries, fermionic spin den-
sities, and phase transitions become important, which
can be tested with astrophysical, cosmological and grav-
itational wave observations. Work along these lines is
currently underway.
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